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Abstract. The impact of the radiometer vane thickness and edge geometrical shape on the total radiometric force is examined
numerically solving the ES BGK model kinetic equation. The flow of argon over a single vane and a multi-vane configurations
is considered in the range of Knudsen numbers from 0.02 to 1. The shear force is found to reduce the total radiometric force
for most vane configurations. It is shown that the change in the vane shape may offset the losses due to the shear force in the
multi-vane geometry.
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INTRODUCTION

The kinetic theory of gases predicts the existence of a force on a surface that has the length scale comparable to the
gas mean free path, when there is a temperature gradient near that surface. This force is usually called radiometric.
The simplest device making use of the radiometric force consists of a planar vane whose sides are kept at different
temperatures. There are several mechanisms that contribute to radiometric force exerted by gas on a radiometer vane.
One of them was explained as early as 1879 by Reynolds [1], who suggested a kinetic theory explanation based on the
fact that the molecules colliding with the hot side leave with an increased velocity relative to those colliding with the
cold side. This leads to a larger momentum flux change on the hot side, and results in the motion of the vanes with the
hot side trailing. This is in fact a free molecular approximation of the radiometric effect, and the associated force may
be referred to as area force.

At about the same time as Reynolds, Maxwell [2] also showed that an unbalanced force exists near the edge of the
heated side of the vane, where the heat flow in the gas is non-uniform. Almost fifty years later, Einstein [3] presented
a simple theory, according to which a force exterted on the vane is proportional to its perimeter. This edge dependence
of the vane force has found partial confirmation in experimental work [4], where the force was shown to depend on
perimeter, although the dependence is weaker than the Einstein’s prediction. More recently, an analytic expression
for the radiometric force was derived [5] that has both pressure and shear components. The latter one, often ignored
in earlier studies, is produced by the interaction of gas with the lateral surface of the vane. The results of work [5],
where the shear force was predicted to act from hot to cold side, thus increasing the total radiometric force, was in fact
found to contradict the numerical results obtained by different kinetic approaches [6, 7, 8]. Both the direct simulation
Monte Carlo method and the numerical solution of model kinetic equation, as well as the combined ES-BGK/DSMC
approach, showed that the shear force on a rectangular radiometer would decrease the total force.

Either positive [5] or negative [6], the shear force is expected to be noticeably smaller than the pressure force on
the working side of the radiometer, assuming that the radiometer is sufficiently thin. Although the magnitude of the
shear force, which generally depends on the vane thickness, is noticeably smaller than the area and the edge forces
exerted on the working sides of the radiometer [9], its contribution is expected to grow with gas pressure. Even more
important, the shear force may be a significant contributor in multi-vane configurations, where the vanes are closely
packed and there is a transpiration flow between the cold and hot sides of the radiometer. The main objective of this
work is the numerical analysis of the shear contribution from the lateral sides of the vanes to the total radiometric
force in a single and multi-vane radiometers immersed in rarefied gas. The effect of vane separation, thickness and
geometry, as well as surface temperature and gas pressure, is investigated with a finite volume solver SMOKE [6]
based on the solution of ES-BGK model kinetic equation.



FLOW CONDITIONS

The study of the contribution of shear forces on the lateral side of a radiometer vane is conducted in pure argon for two
radiometer configurations. In the first one, a flow over an 11 cm diameter circular vane is computed, immersed in a
3 m diameter and 3 m long cylindrical chamber. Note that the baseline radiometer vane corresponds to that previously
studied experimentally [6]. The flow is axially symmetric, and the chamber size was chosen large enough to avoid
possible impact of chamber walls on the force distribution over the vane. Similar to [6], the vane temperature is set
to 420 K at the hot side, and 395 K at the cold side. A step-wise temperature distribution is assumed on the lateral
side of the vane, which is divided into three equal parts with temperatures of 420 K (adjacent to the hot side of the
vane), 407.5 K (middle part), and 395 K (adjacent to the cold side). A uniform chamber wall temperature of 300 K
is assumed. In order to study the effect of radiometer geometry, the vane thickness is varied between 0.5 and 1.5 cm,
and, in addition to the right-angled configuration, the angles of 60◦ and 120◦ between hot side plane and the lateral
side are considered. The above configurations are examined in a wide range of pressures from 0.02 Pa to 1.2 Pa, to
capture the pressure range where the radiometric force is maximum.

It has been found recently [10] that the efficiency (force versus mass at a given radiometer area) of a radiometer
configuration may be drastically increased if instead of a single vane, multiple smaller vanes (sub-vanes) are used,
separated by gaps comparable to the sub-vane size. Maximum radiometric force from a multi-vane configuration
may be orders of magnitude larger than the maximum force of a single vane configuration comprising the same are,
provided the size of the sub-vanes is small enough. The problem that arises for any multi-vane configuration, though,
is related to strong force degradation caused by the shear forces when the working sides of the sub-vanes become
comparable in size to the lateral sides. The question therefore arises if it would be possible to offset the losses from the
shear forces by gains in the pressure forces through changing the geometrical shape of sub-vane edges. The geometry
modification is expected to impact the thermal transpiration from the cold to the hot side, and thus may change the
balance between pressure and shear forces.

To investigate the possibility of increasing the total force of a multi-vane configuration through the shear force
reduction, a two-dimensional argon flow over a seven vane geometry is studied here, with the sub-vane length of
10 cm and thickness varied from 0.5 cm to 1.5 cm. The sub-vane separation is 7 cm, and the size of the chamber is
1 m by 1 m. The angle between the hot side plane and the lateral side is varied between 60◦ and 120◦. Similar to the
single-vane configuration, the hot and cold sides of the vanes are 420 K and 395 K, respectively, while the chamber
wall is assumed to be 300 K.

NUMERICAL APPROACH

The importance in radiometric flow of kinetic phenomena such as temperature jump, thermal creep, and viscous
heating, as well as significant impact of flow non-equilibrium, results in inapplicability of shear stress and heat flux
assumptions used in the Navier-Stokes equations and many analytic approaches, and leaves the computational methods
of the kinetic gas theory as the only alternative. The DSMC method [11], which is currently the principal kinetic
approach for modeling rarefied gas flows, is extremely time consuming for low speed flows due to long time to reach
steady state and low signal-to-noise ratio. A plausible numerical alternative is a deterministic solution of one of the
simplified forms of the Boltzmann equation, known as model kinetic equations. Two of the better known model kinetic
equations, the Bhatnagar-Gross-Krook (BGK) [12] and the ellipsoidal statistical (ES) [13] kinetic models, use a non-
linear relaxation term instead of the full Boltzmann collision integral. Despite a simpler collision term, both models
possess the same collision invariants as the Boltzmann equation.

The existence of numerically efficient implicit integration schemes for these equations [14] allows for accurate
numerical modeling of microflows at a reasonable computational cost. In this work, a finite volume solver SMOKE
[6] has been used to deterministically solve the ES model kinetic equation. SMOKE is a parallel code based on
conservative numerical schemes developed in [14]. The code has both two-dimensional and axisymmetric capabilities.
A second order spatial discretization was utilized along with implicit time integration. Fully diffuse reflection with
complete energy accommodation was applied at the radiometer vanes and chamber walls. A symmetry plane was set
at the lower boundary. The grid convergence was achieved by increasing the number of spatial nodes and points in the
velocity space. The latter one was (18,18,12) for the results presented below, and the number of spatial cells varied
from 5,000 to 50,000 depending on the chamber size. The radiometric force on the vane was calculated through the
integration of the velocity distribution functions of the incoming and outgoing molecules.



SINGLE VANE CONFIGURATION

The first configuration considered in this work is a circular vane with varied thickness and edge shape. The impact of
vane thickness on gas flow around the vane is shown in Fig. 1 (left) for a gas pressure of 0.954 Pa, where the radiometric
force is near its maximum. Note that only part of the computational domain is shown in order to provide more detail in
the vicinity of the vane. General structure of the flow does not change when the vane thickness is increased: there are
two vortices, a small vortex at the cold side (counterclockwise for the upper half of the flow), and a large vortex that
initiates at the hot side and recirculates gas in the entire chamber. The intensity of the vortices, though, significantly
decreases when vane thickness increases. For example, the gas velocity in front of the cold side decreases from about
1.5 m/s for a vane thicknessW = 0.5 cm to 1 m/s forW = 1.5 cm. The flow structure for two slanted geometries
is shown in Fig. 1 (right). Here, the angleα of the lateral wall is measured for its uppermost position, withα = 0
coinciding with the positive direction of the Y axis (see Fig. 1 (left)). In this case, the values ofα smaller than 90◦

correspond to the geometries with the hot side smaller than the cold side. It is seen that there is a significant increase
in the magnitude of flow velocities at the lateral wall forα = 60◦. For theα = 120◦, there is another vortex formed at
the lateral side of the vane.

FIGURE 1. Axial velocity and streamlines forα = 90◦, W = 0.5 cm (left top),α = 90◦, W = 1.5 cm (left bottom),α = 60◦,
W = 1.5 cm (right top) andα = 120◦, W = 1.5 cm (right bottom).

The important property that impacts the distributed and total forces on the vane is gas pressure. Pressure flowfields
for the four geometries considered above are shown in Fig. 2. Comparing two straight edged vanes with different
thickness, note that for both geometries, the gas pressure is elevated near the edge of the radiometer vane. This has
been previously shown and explained in [7]. It was mostly attributed to the lower temperatures and therefore higher
gas density and correspondingly higher mass flux from the regions adjacent to the side walls. Interesting to note that
the increase in the vane thickness results in somewhat smaller gas pressures, especially near the hot side. This indicates
that the pressure difference between the hot and cold sides is influenced by the gas recirculation. A thicker vane makes
gas recirculation and associated thermal transpiration less efficient, and is therefore expected to decrease the total
radiometric force. The slanted edge geometry (bothα = 60◦ andα = 90◦ visibly decreases gas pressure around the
vane, although this decrease is observed both at the cold and hot sides of the vane, and thus the total effect of the gas
force may only be obtained after a quantitative analysis of the contributions of different sides of the vane.

The radiometric force directed from hot to cold side along the X axis is listed in Table 1 for various vane geometries
and gas pressures. Here, pressure forceFp combines the difference between the pressure forces on the hot and cold
sides and the projection of the pressure force on the lateral sides to X axis (zero forα = 90◦), Fs is the projection of
the shear force on the lateral side of the vane to X axis, andFtot is the total force which is the sum of the above two
forces. As expected, for the lowest pressure, where the flow is nearly free molecular, the shear force on the lateral side
of the vane forα = 90◦ is negligible, and the total radiometric force is mostly defined by the pressure difference on the
hot and cold sides. The shear force contribution forα = 90◦ increases with pressure, and always acts in the direction
opposite to the total radiometric force.

For α = 60◦, the force in the lowest pressure case is almost 25% lower than foralpha= 90◦. However, this starts
to change when gas pressure increases. While the contribution of the pressure forces become smaller, the shear force
strongly increases with pressure forα = 60◦. The shear force increase results in a larger total radiometric force not
only compared to the straight vane of the same thickness, but also to a thinner straight vane. Note thatα = 60◦ is not



FIGURE 2. Pressure fields forα = 90◦, W = 0.5 cm (left top),α = 90◦, W = 1.5 cm (left bottom),α = 60◦, W = 1.5 cm (right
top) andα = 120◦, W = 1.5 cm (right bottom).

TABLE 1. PressureFp, shearFs, and total radiometric forceFtot for single vane configuration

Pressure
Force
component (N)

W = 0.5cm
α = 90◦

W = 1.5cm
α = 90◦

W = 1.5cm
α = 60◦

W = 1.0cm
α = 120◦

Fp 2.080E-06 2.080E-06 1.074E-06
0.012 Fs -1.338E-09 -2.444E-09 5.056E-07

Ftot 2.079E-06 2.078E-06 1.580E-06
Fp 9.430E-06 9.410E-06 5.474E-06

0.066 Fs -4.126E-08 -7.560E-08 2.552E-06
Ftot 9.389E-06 9.334E-06 8.026E-06
Fp 2.330E-05 2.320E-05 1.354E-05

0.299 Fs -5.530E-07 -9.955E-07 9.677E-06
Ftot 2.275E-05 2.220E-05 2.322E-05
Fp 2.800E-05 2.780E-05 1.002E-05

0.596 Fs -1.377E-06 -2.416E-06 1.854E-05
Ftot 2.662E-05 2.538E-05 2.856E-05
Fp 2.900E-05 2.860E-05 -2.200E-06 4.860E-05

0.954 Fs -2.312E-06 -3.948E-06 3.023E-05 -3.606E-05
Ftot 2.669E-05 2.465E-05 2.803E-05 1.254E-05
Fp 2.800E-05 2.800E-05 -1.220E-05

1.2 Fs -2.902E-06 -4.859E-06 3.879E-05
Ftot 2.510E-05 2.314E-05 2.659E-05

an optimum angle for the radiometric force, and changing it slightly is expected to produce an even larger force. All
this indicates that such a change in the vane geometry (α < 90◦) allows one to maintain the maximum radiometric
force even for relatively large length-to-thickness ratios. This is especially important when considering multi-vane
geometries, for which the radiometric force is maximized through etching or drilling holes in the mane vane, as
discussed in the next section.

MULTI-VANE CONFIGURATION

In an earlier work [10], feasibility of increasing the radiometric force through etching holes in the vane was inves-
tigated. In the cases of interest, the total area occupied by the radiometer was fixed, but the number of sub-vanes
separated by gaps and the separation distance between them was varied to find the maximum radiometric force. It was
found that a radiometer that consists of sub-vanes is much more efficient in terms of force production per radiometer
mass than a solid plate radiometer that takes up the same effective area. Over an order of magnitude force increase
was predicted. However, any further increase in efficiency was hampered by significant losses in net radiometric force
caused by the shear on lateral surfaces of sub-vanes. This, along with the possibility of increasing the radiometric force



TABLE 2. Pressure, shear and total radiometric forces (N) for 7-vane configuration

Configuration
W = 0.5cm

α = 90◦
W = 1.0cm

α = 90◦
W = 1.5cm

α = 90◦
W = 1.0cm

α = 76◦
W = 1.0cm
α = 66.5◦

W = 1.0cm
α = 116.5◦

W = 1.5cm
α = 80.5◦

Fp 5.090E-03 4.948E-03 4.806E-03 5.261E-03 5.420E-03 4.008E-03 5.153E-03
Fs -8.560E-05 -1.148E-04 -1.312E-04 -2.320E-04 -3.370E-04 1.160E-04 -2.534E-04
Ftot 5.004E-03 4.833E-03 4.675E-03 5.029E-03 5.083E-03 4.124E-03 4.900E-03

in a stand-alone vane through the edge geometry modification,motivated the authors to analyze the results of such a
modification in a multi-vane configuration. The computations were performed for a seven-vane geometry at a pressure
of 1.5 Pa, where the radiometric force is near its maximum, and different values of the angleα and vane thicknessW.

Comparison of gas temperatures and streamlines for two different geometries is presented in Fig. 3 for 1.5 Pa.
Only part of the computational domain near the two outer vanes is shown here in order to provide more detail. It is
clear that the general flow structure is very similar. The thermal transpiration dominates the bulk flow motion, and the
streamlines generally a directed from cold sides to hot sides of the vane. In both cases, there is also a smaller vortex
near the hot side of the outermost vane. The large lateral sides of theα = 66.5◦ geometry result in somewhat higher
temperatures between the vane for this case, although the gas temperatures near the hot and cold sides are nearly
identical forα = 90◦ andα = 66.5◦.

FIGURE 3. Temperature field and streamlines forα = 90◦, W = 0.5 cm (left), andα = 66.5◦, W = 1 cm (right).

The radiometric forces for all multi-vane cases under consideration are summarized in Table 2 for gas pressure
of 1.5 Pa, where the force is near its maximum. Comparison of the three straight vane geometries with different
thickness shows that the contribution of the shear force is much more pronounced than for the single-vane configuration
considered earlier. The total decrease of the radiometric force due to shear increases from over 1.5% for the thinnest
geometry to almost 3% for the thickest one. Note also that thicker vanes result in less efficient cold-to-hot gas
recirculation, and thus reduce the pressure difference between the hot and cold sides. The total radiometric force
decreases by about 7% when the vane thickness increases to 1.5 cm. Note that the force degradation would be
significantly more pronounced if more vanes were used in this multi-vane geometry.

The change in the vane geometry allows for significant increase in the total radiometric force. With two values of
α < 90◦ used in this work forW = 1.0 cm, theα = 66.5◦ geometry produced a higher force (about 1.5% higher than
for the thinner geometry). Interesting to note that in the slanted edge geometries, the shear force reduces the total
force, opposite to what was observed for a single vane geometry. The shear force is negative since the angleα is not
small enough. The main reason for large total force in slanted geometries withα < 90◦ is significantly more efficient
cold-to-hot gas flow, with the holes between the vanes acting in effects as small nozzles. The geometry withα < 90◦

is inefficient in terms of radiometric force, as also shown in the table. Even though the shear force becomes positive,
and increases the total radiometric force, the pressure force is much smaller than for the corresponding straight edge
geometry.



CONCLUSIONS

The impact of vane edge shape on radiometric forces in single and multi-vane geometries was numerically evaluated
by the solution of ES-BGK model kinetic equations in the range of pressures where the total radiometric force is
near its maximum. The contribution of shear and pressure forces to the total force is analyzed. It was found that
changing the edge geometry from straight to slanted, with the sharp edge at the cold side, helps offset the decrease
in the force with increasing vane thickness. This is especially important for multi-vane geometries with relatively
small separation between vanes. For such geometries, maximization of radiometric force per unit area (or per unit
mass) requires increasing the number of vane with the corresponding decrease in size. The natural limitations of the
length-to-thickness ratio may therefore be offset by an appropriate modification in the shape of the vane edges.
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